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Abstract A geometrical approach to two distances in Fréchet-type dendrimers is
presented in this paper: the dependence on the conformation of the distance between
the centres of two consecutive phenyls (i.e. the two phenyl rings of a benzyl-phenyl-
ether motif), and the calculation of the radius of a G1 dendron (i.e. the distance between
the C1 atom of the focal phenyl ring and the C4 atom of a phenyl ring superior to it),
as a function of torsion angles. This approach enables determination of the extreme
values of these distances.

Keywords Dendrimers - Fréchet-type dendrimers - Molecular geometry -
Conformation - Torsion angle

1 Introduction

The increasing evolution of the research concerning dendrimers [1-7]—that are mol-
ecules with a branched tree-like structure—in particular with respect to their applica-
tions related to medicine [8] (oncology [9], gene delivery [10-13], drug research [14—
17]), to catalysis [18-22], to metallo-dendrimers [23-28], to organic light-emitting
diodes [29,30] etc., explains the actual interest for the structural aspects of dendritic
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Fig. 1 a The six torsion angles up, up, uz, u’l, u’2 and ug that are responsible of the conformation of a
1-substituted-3,5-di(benzyloxy)benzene unit; b uz; ¢ up; d ug

molecules. This results from numerous studies through theoretical calculations
[31-39], NMR [40,41], solvatochromic methods [42], fluorescence [43], size exclu-
sion chromatography [44] etc.

Fréchet-type dendrimers are a class of dendrimers based on 1-substituted-3,5-
di(benzyloxy)benzene. Their convergent synthesis [45—48] induced intense devel-
opment of this field, among the numerous subjects of research being, for example:
synthetic hosts obtained by monomolecular imprinting inside dendrimers [49], new
classes of polyether dendritic fragments [S0-52], photosensitizers for photodynamic
therapy based on light-harvesting ionic Fréchet-dendrimer porphyrins [53], structur-
ally diverse dendritic libraries [54] etc.

The study of the conformation (for a case of conformational duality in the solid
state, see ref. [55]) of Fréchet-type dendrimers is of importance for aspects like their
three-dimensional structure, their planarity, their spatial demand [56], their self-assem-
bly [57-60], their catalytic properties [61], crystal engineering [62], surface studies
[63—-65], solid-state nuclear magnetic resonance studies [66,67].

The global conformation of Fréchet-type dendrimers is a collection of conforma-
tions of the 1-substituted-3,5-di(benzyloxy)benzene units that compose the dendrimer.
The conformation of these units depends on a set of six torsion angles: uy, up, us, u’1 , u’2
and uj (Fig. 1).

Intra-molecular distances [68] often depend on the conformation and consequently
on the torsion angles. It is possible to deduce the mathematical relation between
distances and torsion angles. Such relations may find applications, for example, in
molecular modelling. Moreover, it is of interest to deduce the molecular conforma-
tion (torsion angles) starting from molecular dimensions experimentally measured and
using mathematical relations that link molecular dimensions to torsion angles.

The aim of this paper is to report the demonstration of two mathematical expres-
sions:

(1) the dependence on the conformation of the distance between the centres of two
consecutive phenyls (i.e. the two phenyl rings of a benzyl-phenyl-ether motif),
and
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(2) the calculation of the radius of a G1 dendron (i.e. the distance between C1 atom
of the focal phenyl ring and the C4 atom of a phenyl ring superior to it), as a
function of torsion angles.

This approach enables determination of the extreme values of these distances.
In all calculations herein reported the angles are in degrees.

2 The dependence on the conformation of the distance between the centres
of the phenyl rings of a benzyl-phenyl-ether motif

2.1 Motivation

The mathematical relation between the distance z between the centres of the phenyl
rings of a benzyl-phenyl-ether, and the torsion angle on which depends this distance,
may be useful where a dendrimer or dendron is represented as a model [69] consisting
of beads corresponding to phenyl rings connected by distances that depend on the
torsion angle uy or uj (Fig. 2).

The centres of the concerned phenyl rings are located on the axis of torsion angles
up or uj, respectively u3 or uj. Consequently the distance between these centres does
not depend on the mentioned angles, but only on u; or uj.

2.2 Calculation

The calculation of the distance z as a function of the torsion angle u, (or u/z) is based
on a sequence of three lengths (a, b, ¢), the torsion angle u, the plane Py that contains
a and b, the plane P, that contains b and c, and the line P{NP; at the intersection of
P with P;. The angles (in degrees) between a and b, and respectively b and c, are ugp,
respectively upc. The angle between the planes Py and P is the torsion angle uy (or
u}) (Fig. 3a).

Let e be perpendicular to P{NP; (Fig. 3b). Then

e = axsin (180 — u,p) = axsin (Uap) (1)

e belongs to the right triangle of sides a, e and d, where

Fig. 2 a A G3 Fréchet-type dendron and the centres of its phenyl rings; b representation of the distances
between the centres; ¢ representation of the centres of phenyl rings, of the distances between them and of
the angles defined by these distances
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Fig. 3 a Distance between the centres of the phenyl rings of a benzyl-phenyl-ether motif; b geometrical
parameters of a torsion angle uj: a, b, ¢ are the sides of the angle, uyp, up are the corresponding angles;
¢ geometrical details of the plane Py

d = axcos (180 — u,p) = —axcos (uyp) 2)
Let j be perpendicular to P; NP, (Fig. 3b), so

j = cxsin (180 — upe) = cxsin (upe) and i = cxcos (180 — upc)
= —c*C0S (Upc) 3)

Let f be perpendicular to P,. Ase L (P{NP,) and g L (P1NP3), then
f = exsin (up) = axsin (uap)*sin (U2) and g = axsin (Ugp)*cos (uz) 4)

Depending on the values of a, b, ¢, uap, Upe and up, there may be j < gor g < j,
but the value (j — g)> employed further, is positive.

In the right triangle of which sides are h, d+b+iand j— g (Fig. 3¢c), the Pythagorean
theorem, and (1), (2) and (3) give:

h? = (d+b+1)2+ (j— g)? = [—axcos (ugp) + b — ckcos (upe)]”
+ [—c*cos (upe) — a*sin (Uyp) *COS (uz)]2 5)

f1P, and h C Py, then f L h. So z = (f2 + h?)!/2. This last equality together with
(4)and (5) gives: z = [f2 + (d+b+1)> + (j — 2)%1"/? = {a® s sin® (ugp)*sin>(up) +
[—akcos(ugy) + b — cxcos(upe) ]2 +[ckcos(Upe) — a>i<sin(uab)>|<cos(uz)]z}1/2 ={[—a
*cos(Uzp) + b — c>x<cos(ubc)]2 + a2 xsin? (Uap) + c? x sin? (Upe) — 2acksin(ugp)*sin
(upe)cos (up) }/2

Thus:

z = [my — myxcos (up)]"/? (©6)

where m; = [—axcos (Uyp) + b — c*sin (ubc)]2 +aZ xsin? (Uap) +¢2 % sin? (Upe) , and
my = 2ac*sin (Uyp) Sin (Upc) -
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Table 1 Examples of application of the formula for calculation of the distance z

Structure code u (%) Zcalc A) Zmeas (A) [Zcale — Zmeas| S) 100%|z¢a1c
—Zmeas|/Zmeas (%)

BEQQUK —179.5 6.327 6.374 0.047 0.737
177.82 6.326 6.362 0.036 0.566

—71.39 4.733 4.977 0.244 4.903

175.14 6.323 6.355 0.032 0.504

158.23 6.251 6.258 0.007 0.112

171.34 6.315 6.358 0.043 0.676

CAZVAB —177.31 6.326 6.371 0.045 0.706
EDEWUG —174.21 6.321 6.373 0.052 0.816
169.77 6.310 6.334 0.024 0.379

FAVGIT 169.39 6.309 6.305 0.004 0.056
177.58 6.326 6.369 0.043 0.675

IXEKIF —179.57 6.327 6.367 0.04 0.628
178.45 6.326 6.276 0.05 0.797

LIHPAU 73.05 4.771 5.031 0.26 5.168
77.36 4.872 5.1 0.228 4.471

WIBXEL —70.15 4.704 4.919 0.215 4.371
78.52 4.899 5.168 0.269 5.205

If z is known, then the corresponding torsion angle u, is: up = arccos[(m; — 72)/ma].
The average values to be considered are a = 2.89/0%, b = 1.43A [70],¢c = 2.75/0%,
Uap = 109.5° and upe = 117°. The formula for the centroid-to-centroid distance z is:

z = [26.67 — 13.36xcos (uz)]'/? %

2.3 Verification

The formula for calculation of z was applied to a set of values of u; obtained from pub-
lished X-ray structures of which CSD codes are (Table 1): BEQQUK [71], CAZVAB
[72], EDEWUG [73], FAVGIT [74], IXEKIF [75], LIHPAU [76], WIBXEL [77]. The
angles and distances were measured through the software Mercury. The average of the
differences between calculated and measured values |Z¢ale — Zmeas| 18 0.096 A.Foreach
measure, a percentage was calculated with the formula 100 |Zcalc — Zmeas| /Zmeas; the
average of these percentages is 1.810%.

2.4 Extrema
The calculation of the extrema passes through the equation 27 = 0, i.e. 2/ =

0.5my:sin(up)/[m; — my * cos(uz)]l/2 = 0, that gives sin(up) = 0, so up = 0°,
respectively uy = 4-180° to which correspond the extrema 3.64 A, respectively 6.32 A.
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3 The radius of a G1 dendron as a function of torsion angles
3.1 Motivation

This calculation was inspired by the method utilized in a paper due to the group of
Professor A.-D. Schliiter to estimate the dimensions and the space demand of the G2
dendron of which CSD code is RISZIC [78]. For this purpose, the radius and the
diameter of the cylinder partially filled by the dendron were evaluated by measuring
the distances between the carbon C1 of the phenyl ring of GO level and the carbon
C4 of the phenyl rings of G2 level (Fig. 4a). This distance depends on several torsion
angles and its calculation appears mathematically quite laborious.

The calculation reported here concerns a simpler case that deals with the radius y
(Fig. 4b, ¢) of a smaller dendron (a G1 one), i.e. the distance between the carbon C1 of
a phenyl ring of GO level and the carbon C4 of one of the two G1 phenyl rings (Fig. 4b,
c¢). As defined here, the radius y is not the radius from the Stokes-Einstein equation.

The aim is to deduce how this radius depends on the conformation through the
torsion angles.

Starting from this radius one may estimate the volume of the dendron as a function
of torsion angles (vide infra 3.5).

Correlatively, the determination of this volume through a physical method may
further lead to the radius y. From this, thanks to the mathematical relation between
y and the torsion angles on which depends y, one may get information about the
conformation.

The demonstration presented here is also an example of geometrical analysis of a
conformational motion that depends on two torsion angles.

3.2 Calculation
Among the three types of torsion angles uj, uy and u3, this radius (Figs. 4b and 5),

noted y or B'I, depends only on u; and u3. It does not depend on uj, because one of
its ends is located on the rotational axis of this angle.

(b) &

Fig. 4 a Distances between C1 atom of the focal GO phenyl and C4 atoms of G2 phenyl in the structure
of which CSD code is RISZIC; b the distance (radius) y between the C1 atom of the focal GO phenyl and
the C4 atom of G1 phenyl of a G1 Fréchet-type dendron; ¢ for a G1 dendron y is the radius of the cylinder
of height x that contains the dendron
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u

G1 level

F

Fig. 5 a Geometrical parameters of the distance y = B'I between C1 atom of GO phenyl and C4 atom of
a G1 phenyl (see Fig. 4b); b Rotation of GO phenyl about the CM axis

Let be q=1.4 A the average length of the carbon-carbon bond of a phenyl ring. A
phenyl ring is considered as a regular hexagon.

A, B, C,M and O are in a reference plane that is the plane of the paper (Fig. 5a).

The rotational axis of uz is CO or OO’, and the one of u; is GO or FI' (Fig. 5).

The rotation of the GO phenyl around OO’ generates a circle of center O’. The
radius of the rotational circle generated by the rotation of C1 atom of GO phenyl (i.e.
the point B) about the axis OM (or CM or O0Q’) (Fig. 5a,b),is A’O = A'O’ = B'0’ =
B’O = 0.5q./3 = kj. As a consequence of the rotation of the GO phenyl by the angle
u3 (Fig. 5b), i.e. ZAO'A/, the points A and B of the plane of the paper are placed in
the new positions A’ and B’. B'D’, D’E and Il are perpendicular to the axis GO (or
FI').D'’E =1I', D’ELD'T, B'D’ LD'T, D'I|| EI, then EIL(B'D’E). B'E C (B'D’'E), so
EI LB'E. In the right triangle AB’EL

12
B = [(B’E)2 + (EI)Z] (8)
where
(B'E)’ = (B'D')” + (D'E)” — 2+B'D'sD'Esxcos(/B'D'E) ©)
El= DT = HT + HG + GO + OC' + C'D', (10)
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3.2.1 Calculation of BE

According to (9) that results from the law of cosines, three elements are required:
B'D’, D’E and /B'D’E.

3.2.1.1. Calculation of B'D’. In the right triangle AB'D'F (B'D’_LFI'):
B'D' = BFssin(B'FD') (11)

a. B'F can be calculated in the triangle AB'O’F: B'F> = (O'B’)> + (O'F)? —
2%0'B*O'Fxcos(/B'O'F), where /B’O’'F = us. To simplify, one may consider
/FOO’ =~ 60°, so /O'FO = /D'FB = /DFB ~ 30°. AC (not drawn) is paral-
lel to BD, so, as ZCAB = 60°, then /DFB = 30° and BF = BD/sin(/BFD) =
2%BD = 2(0.5q/3+CC’) = q4/3+2 % OC x sin(LCOC") = q./3+2axsin(x),
where OC =a and /COC’ = «. O'F = O'B + BF = 1.5q+/3 + 2axsin(«). Hence

B'F? = 3¢%/4 + [1.594/3 + 2asxsin(a)]’
—q4/3%[1.5q4/3 + 2axsin(a)]*cos (u3) (12)

where 3q°/4 + [1.5q4/3 + 2axsin(a)]> = ko, —q/3[1.5q/3 + 2assin(a)] = ks,
then

B'F = [ky + kjxcos (u3)]'/? (13)

b. In order to calculate sin(/B’FD’), let K be a point on BF, J a point on DF and
LJKF = 90°. /DFB = /KFJ = 30°, so JK = FJxsin(/KFJ) = FJ/2 and

FJ = FK/cos(/KFJ) = 2FK/./3 (14)

Let KL be perpendicular to B'F, so /ZKLF = 90°. The plane (BDF) is contained
in the plane of the paper. The plane (BB'F) is contained in the plane of the rotational
circle that is perpendicular to the plane of the paper. Consequently, (BDF) L (BB'F).
(BDF) N (BB'F) = BF and JK L BF, then JK L (BB’F). B'F is contained in the plane
(BB'F), so JK LB’F. KL LB'F, so B'F L (JKL). As LIC(JKL), then JL LB'F. Con-
sequently, ZJLF = 90° and cos(/LFJ) = cos(/B'FD’) = [1 — sin?(/LFJI)]'/2. In the
right triangle AKFL:

FL = FKxcos(/KFL) = FKx[1 — sin?(/KFL)]'/? (15)
Let B'N be perpendicular to O'F. (ABC) L (ABB’). (ABC)N(ABB’) = AB, B'N C
(ABB’), B'N L AB, so B'N L (ABC). D'N C(ABC), so B'N LD'N. In the triangle
AFO’B’, the height B'N from B’ is B'N = O'B’xsin(u3). So
sin(/KFL) =sin(/B'FO')=B'N/B'F=0'B’xsin(u3)/B'F = 0.5q./3#sin(u3)/{3q>/
4 4 [1.5q/3 + 2axsin(a)]? — q(3x[1.5q4/3 + 2axsin(a)]*cos(uz)}!/2. Hence:

sin(/KFL) = ky=sin (u3) / [ko + kzxcos (u3)]"/? (16)
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cos(ZLFJ) = FL/FJ. From this relation combined with (14) and (15), it results that
cos(ZLFJ) = \/3[1 — sin®(/KFL)]'/?/2 = cos(/B'FD’) (17)

sin(/B'FD’) = [1- cos?(/B’FD’)]'/2. From this relation combined with (17), it results
that

sin(/B'’FD’) = {1 — 3[1 — sin’>(/KFL)]/4}'/? (18)

c. B'D' = B'Fssin(/B’FD’). From (11), (12), (13), (16) and (18): B'D’
{3q%/44[1.5q/3 +2axsin(a)]* — qy/3[1.5q4/3 4 2axsin(a)xcos(uz) } 1 /2x{1 —
3[1 — 0.75q%xsin’(u3) /{3q%/4 + [1.5q4/3 + 2assin(a)]> — q/(3[1.59/3 +
2ax sin(o) |* cos(u3)}]/4}1/2. Hence

=0. 2> + 3k7 + kz*cos (u3) — 3kjcos” (u3) (19)

3.2.1.2. Calculation of D'E

DE=1I'=1P + I'P = a3+ GHsxsin(/ZHGH)
= /3 + cxsin(B) = ky (20)

where GH = ¢ and ZHGH' = B.

3.2.1.3. The angles /B'D'E and /B'D'N. The plane of the rotational cir-
cle is perpendicular to the plane of the paper. B'N is contained in the plane of
the circle and B'N is also perpendicular to O’F. Both O’F and ND’ are con-
tained in the plane of the paper, consequently /B'ND’ = 90°, so sin(/B'D'N)
= B'N/B'D’, and /B'D'N = arcsin(B'N/B'D’). /B'D'E = /ND'E — /B'D'N =
uy — /B'D'N = uy — arcsin(B'N/B’'D’) = up — arcsin[0.5q/3*sin(u3)/B’'D'] =
up — arcsin[ky*sin(uz)/B'D’].
The angle /B’'D’N is an acute angle that depends on uj:

/B'D'N = arcsin {2k1*sin (u3) /[—3Kk? % cos? (u3)
+ kaxcos (u3) + kp + 3k%]1/2}

/B'D'N = arcsin {2.425*Sin(U3)/[—4.41*COSZ(U?,)
—14.695%cos(u3) + 42.605]1/2}

2n

/B'D'N is comprised between —22.23 and 22.23° (Fig. 6).
3.2.2 Calculation of EI

In the right triangle AB'D'F, D'F = B'Fxcos(/B'FD’). For cos(/B'FD’), vide supra
(17). In the right triangle AAC'F, C'F = AC’/ tan(ZAFC’). Z/AFC’ ~ 30°, so C'F =
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Fig. 6 Dependence of the angle ZB’D’N on of the torsion angle uz for —180° < u3 < 180°

AC'%/3 = /3[q/3 + axsin(«)]. C'D’ = C'F — D'F = /3[q4/3 + assin(a)] —
B’Fxcos(/B'FD’).

El = DI' = HY + HG + GO + OC' + C'D’ = q + cxcos(B) + b +
axcos () +/3x[qa/3+assin(a)]— {397 /4+[1.5q/342asxsin(a) > —q/3[1.5q/3+
assin(ar)Jxcos(u3)}/2x/3%{1—0.75qxsin (u3)/{3q> /4-+[1.5q/3+2axsin(a) |> —
q+/3[1.5q./3 + 2ax sin(a)]* cos(uz)} /2 /2.

Hence

2 2 2 1/2
El = ks — 0.5./3 [kl % cos? (u3) + kskcos (u3) + ko — kl] (22)
For the meaning of ks, vide infra.

3.2.3 All the elements required to calculate B'I as a function of uy and uz are now
known

y= BT = [(B/E)2 + (151)2]1/2

=[(B'D)* + (D'E)’ — 24 B'D' « D'Esxcos (B'D'E)

1/2
+(HT+HG+ GO + oC'+ CD)’| "

It results that

y = {k3>x<cos(u3) — k5>x<\/3[k%>x<cos2(u3) + kz*cos(uz) — k% + kz]l/2
ko + K2+ k2 — kg [—31(% % cos? (u3) + ks

12
*cos (u3) + 3k% + kg] * cos [up — arcsin {2k *sin (u3)

2 2 2 172 12
[—31(1 * cos” (u3) + kzxcos (u3z) + 3kj + kz] ”] (23)
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where k; = 0.5q+/3, ko = 3q%/4 + [1.5q/3 + 2axsin(@)]?, k3 = —q./3[1.59/3 +
2axsin(@)], ks = /3 + cxsin(w), and ks = q + cxcos(B) + b + akcos(x) +
V/3%[q/3 + axsin(a)].

The following values were considered: a=1.36 10\, b=1.43 A, c=1.54 A, q=1.4 A,
a = 63°, B = 72°. The following values were obtained: k| = 1.212,k, = 38.195,
k3 = —14.695, ks = 3.889 and ks = 10.223. k;, ko, k3, k4 and ks are in A.
y (Up, uz) = {—14.695*005 (u3) — 17.707%[1.47xcos> (u3)
—14.695%cos (u3) + 36.725]'/2

12
+157.834—3.889 [—4.41*0082 (u3) — 14.695%c0s (u3)+42.605] %

cos[uz — arcsin {2.425*sin (u3) /[—4.41>¢<cos2 (u3)

12
—14.6955%c0s (u3) + 42.605]1/2} ]} (24)

For simplification, the distance y has been calculated between two C atoms. The
calculations can be adapted in order to take into account the presence of a hydrogen
atom or a substituent at the C4 atom.

3.3 Verification

The formula for the calculation of the radius y was applied to a set of values of u, and u3
obtained from published X-ray structures (Table 2): BEQQUK, CAZVAB, EDEWUG,
FAVGIT, IXEKIF, LIHPAU, WIBXEL (for references, vide supra). The angles and
distances were measured through the software Mercury. The average of the differences
between calculated and measured values |y ,jc — Yyneas| is 0-085 A. For each measured
value, a percentage was calculated with the formula 100%|y .1 — Ymeas!/Ymeas: the
average of percentages is 1.085%.

3.4 Extrema

With respect to the variable uy and to functions w;(u3) depending only on u3, y may
be written:

y (U2, u3) = [w1 + waskcos (uy — ws)]"/? (25)
where

w1 (u3) = —14.695xcos (u3) — 17.707%[1.47xcos> (u3) — 14.695x%cos (u3)
+36.7251/% +157.834

172
Wy (u3) = — 3,889 [—4.41*cos2 (u3) — 14.695%c0s (u3) + 42.605]
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Table 2 Examples of application of the formula for calculation of the distance y

Structure code  uy (°) u3 (°) Yeale A Ymeas Q) Yeale — Ymeas! (A)  100%]ycqic

— Ymeas | /Ymeas

BEQQUK 71.39 —175.06 5.960 6.036 0.076 1.259
175.14 175.75  8.478 8.447 0.031 0.367

158.23 174.1 8.346 8.272 0.074 0.895

171.34 169.32  8.454 8.462 0.008 0.095

179.5 —-0.63  8.727 8.55 0.177 2.070

—177.82 177.37  8.487 8.454 0.033 0.390

CAZVAB —177.31 177.94  8.487 8.446 0.041 0.485
EDEWUG 169.77 —177.22  8.466 8.387 0.079 0.942
—174.21 —-8.19 8.712 8.5 0.212 2.494

FAVGIT 177.58 —2.05 8.726 8.558 0.168 1.963
169.39 —178.87 8.461 8.408 0.053 0.630

IXEKIF 178.45 —177.92 8.487 8.39 0.097 1.156
—179.57 6.44  8.726 8.562 0.164 1.915

LIHPAU 73.05 —-179.9 5.960 6.038 0.078 1.292
7736 —168.58  6.288 6.389 0.101 1.581

WIBXEL =70.15 —175.09 5.779 5.732 0.047 0.820
78.52 2.59 7.288 7.294 0.006 0.082

w3 (u3) = arcsin {2.425*sin (u3) / [—4.41xcos? (u3) — 14.695%cos (u3)

+42.605]1/2} .

Partial differential equations dy/du, = 0 and dy/duz = 0 were solved in order to
identify the maxima and minima of y(up,u3).

a. dy/duy = 0.5% [—wassin (uy — w3)] % [w] + waskcos (up — w3)]~'/2 = 0. So
sin(up —w3z) = 0. Souy = w3 oruy, = ws £ 180.
b. dy/duz = 0.5%[wi’ + wa'xcos (up — w3) + waxw3'ssin (uy — w3)| *[w; +
Wpkcos(up — W3)]_1/2 =0.
b.l. If uy = w3, then dy/duz = 0.5x[w]| + Whlx(wi + wo)~1/2 = 0, that is W} +
w) = 0.

w1 = 14.695x%sin (u3) — 0.5%17.707% [—2x1.47xcos (u3) *sin (u3)
+14.695x%sin (u3)] >x<[1.47>x<cos2 (u3)
—14.695%cos (u3) + 36.725]~ 1/
wo' = —0.5%3.889x [4.41%2xsin (u3) *cos (u3)
+14.695x%sin (u3)]"/? % [—4.41%cos> (u3)
—14.695xcos (u3) + 42.605]71/2.
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w1+ wo' = sin (u3) %{14.695 — 0.5%17.707 [—2%1.47xcos (u3)
+14.695] %[ 1.47%cos> (u3)
—14.695%cos (u3) + 36.725]71/2
—0.5%3.889x [4.41%25%c0s (u3) + 14.695]"/2 % [—4.41xcos? (u3)
—14.695%cos (u3) + 42.605]7 /%) = sin (uz) *s1(u3) =0
(26)

For the expression of sj(u3) vide infra.
b.1.1. The above Eq. (26) gives sin(uz) = 0, therefore uz = 0° (and u, = w3(0°) =
0°) or uz = £180° (and up = w3(£180°) = 0°).
b.1.2. The above Eq. (26) also gives

s1(uz) = {14.695 — 0.5%17.707[ —2%1.47*xcos(u3)
+ 14.695]*[1.47*cos2(u3) — 14.695x%cos(u3)
+36.72517 12 — 0.5%3.889x
[4.4152%cos(u3) + 14.695]1/2
[—4.41xcos? (uz) — 14.695%c0s(u3)
+42.6051712y =0 (27)

b.2. Ifuy = ws + 180°, then
dy/duz = 0.5 % [wi' — wa']* (w1 — wa) 712 =0 (28)
that is

w1’ — wo' = sin (u3) %{14.695 — 0.5%17.707x[—2x1.47xcos (u3)
+14.695]%[1.47xcos” (u3) — 14.695xcos (u3) + 36.725]"1/2
+0.5%3.889x% [4.41%2xcos (u3) + 14.695]'/2 % [—4.41xc0s” (u3)
—14.695%cos (u3) + 42.605]7 12} = sin (uz) xs3 (u3) = 0 (29)

For the expression of sp(u3) vide infra.

b.2.1. The above Eq. (29) gives sin(u3) = 0, therefore uz3 = 0° (and up = £180°)
oruz = +180° (and uy = +£180°).
b.2.2. The above Eq. (29) also gives

s2 (u3) = {14.695 — 0.5%17.707* [—2%1.47*cos (u3) + 14.695]
*[1.47xcos” (u3) — 14.695xcos (u3)+36.725] /2
+0.5%3.889% [4.4152c0s (u3) + 14.695]1'/%

[—4.41xcos” (u3) — 14.695%cos (u3) + 42.605]" 12} =0
(30)
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Fig. 7 Representation of functions s{(u3) and sp(u3) for —180 < u3 < 180°

b.3. Both equations sj(u3) = 0 (27) and sp(u3z) = 0 (30) were solved through a
graphical method, by representing sj(u3) and sp(uz) as a function of uz and
finding its intersections with x axis (Fig. 7).

b.3.1. Asitcan be seen (Fig. 7), s;(u3) # 0 for —180° < u3 < 180°.
b.3.2.  $(—54.2°) = 5,(54.2°)=0.000441 (Fig. 7), so u3 = £54.2° can be consid-
ered as a good approximation of the solution of the equation sp(uz) = 0.

w3(54.2°)=20.19 and w3(—54.2°) = —20.19. But up = w3 = 180° and
—180° < up < 180°, so: up = —159.81° for uz = 54.2°, and up = 159.81°
foruz = —54.2°.

c. Hence, the following extrema were found: a) y(0°, 0°) =6.20 A, b) y(£180°, 0°)
=8.73 A, ¢) y(0°, £180°) = 3.93A, d) y(£180°, £180°) = 8.45A, and e)
y(—159.81°, 54.2°) = y(159.81°, —54.2°) = 8.76A.

3.5 Application

The volume v of a G1 dendron as a function of the conformation (angles u; and u3)
can be evaluated in the following way. One may consider that y is the radius of the
cylinder of height x that is generated by the dendron and contains it (Fig. 4c). Of
this cylinder, only a percentage p is occupied by the dendron. Then, the volume is
V(U2 U3) = xy?(Un, U3)*X*p.

4 Conclusions and perspectives

A geometrical approach to two important distances in Fréchet-type dendrimers was
presented in this work, namely (i) the dependence of the distance between the centres
of the two phenyl rings of a benzyl-phenyl-ether motif on the conformation, and (ii)
the calculation of the radius of a G1 dendron (i.e. the distance between the C1 atom
of the focal phenyl ring and the C4 atom of a superior phenyl). This approach results
in the mathematical expression of these distances as a function of the torsion angles
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on which they depend. The expression of y shows that the radius of a G1 dendron
depends on angles u, and u3 following a quite complex relation.

Comparison of calculated values with the values observed in X-ray structures shows
good agreement between calculated and experimentally measured values. Several
approximations and simplifications were done and average values of bonds and angles
were considered for these calculations. These approximations may produce more or
less important differences between calculated and measured values.

The distance y has been calculated as a distance between two C atoms. The calcu-
lations can be adapted in order to take into account the presence of a hydrogen atom
or a substituent at the C4 atom.

This approach enabled determination of the extreme values of these distances.

As a perspective, in spite of the complexity of these calculations, it would be inter-
esting to deduce the mathematical relation between the C4 atom of termini phenyl
rings and the C1 atom of the focal phenyl ring in higher generation dendrimers, like
G2 and G3.
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